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NOTE ON THE CONVERGENCE OF A SEQUENCE OF FUNCTIONS 

OF A CERTAIN TYPE 

Bt H. £. Buchanan and T. H. Hhjjebbandt 

Theobehs concerning uniform convergence of sequences and series of 
functions are numerous. Perhaps as well known as any is : 

"If a sequence of continuous functions converges uniformly, the limit 
function is continuous." 

The converse of this theorem does not, in general, hold. Harnack* proves 
a converse theorem for the case where the sequence of functions /„(x) is such 
that, for a definite n' and for every a;, if n 2 r^, 

Osgoodt states a converse for the case 

where ilf is a fixed positive quantity and xf and x are any two points of the 
interval considered. A converse of a slightly more general type than those 
of Harnack and Osgood is the folloMring : 

Theorem A. If a aeqvsnce of monotonic nondecreaaing% functions 
fn{xi)y (« = 1, 2, 3, •••), converges to a function f(x) , continuous on the 
interval ab{a ^x ^b), thenf(x) is a monotonic nondecreasing Junction, and 
the convergence is uniform over the interval ah. 

1. The limit function is monotonic nondecreasing. Suppose it were not. 
Then for certain two points Xi, x^^a ^ Xi < x^ ^ b) we would have 

/(an) >/(««). 

Let /(xi) -/(»,) = A. 

*X>^«renMaI-«n({ Integralreehnung, p. 284. 
t Aknals or Mathbmatics, ser. 2, vol. S, p. 189, 1902. 

I Of cooTM the theorem holds If ererywhere " uondecreaslng " is replaced by •■ nonln- 
creasing." 

(128) 
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Since fn{^) convergee for all values of x on the interval a S x ^ &, we have 

n n 

that is, if there is given an e > 0, it is possible to find an n„^ of such a nature 
that if n £ n„^ , we have 

|/«(a:i)-/(aa)|S*; 
and an n.,^ of such a nature, that if n 2 n,,, we have 

Suppose « < s and choose n greater than or equal to n,,^ and n,^. Then 

I M^) -/(xi) I < iA and I /„(xj) -f{x^) j < JA, 
that is, /«(«!) >/(«i)-iA and /,(«j) </(9!i) + JA, 

and therefore /«(*i) — /i(«2) > 0. 

But by hypothesis ^(x) is monotonic noDdecreasing, i. e., 

/„(«i) -/„(««) ^0. 

We have then reached a contradiction, and therefore the hypothesis tfaat/'(a;) 
is not a monotonic nondecreasing function of x is invalid. 

2. Since /,(x) and/(x) are monotonic nondecreasing functions, their 
variations over any interval X], Xg(a ^ x^ < ac) ^ 6) are the di£ferenoes 

/«(«») -y»(*i) and f(x^)-/{xi). 
Suppose V„{x^Xi)=f„{x^)-f^(xi) and F(«i«2) =/(a:,) -/(Xj) 
Then i F„(xi!C2) = V(xiX,) . 

n 

For, L F„(xixj) = i(/»(a=2) -/»(«i)) =A^) -f{^) = F(xiX,). 

n n 

3. From this we deduce the following 

Lemma: K Lf^(x) =f(x) under the conditions imposed in Theorem A, 

n 

then it is possible to find for every e > and for evei^^ f , (a ^ { ^ d) , a £^ and 
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an n^ such that, if 

|a; — f I ^ 8,| and n & n.| 
we have 

For,/(x) is continuous, that is, for everj e > we can find a 8^, such that, 

if \x — i\ ^S^-we have 

|/(f) -/(«) I S J«. 

Hence F(f - «^, f + S^) ^ !•• 

Now by 2, X r,(f - 8^, f + S^) = F(f - 8^, f + 8.^) ; 

It 

that is, for every e > there exists an n^ such that n £ n'^ implies : 
I F,(f- 8^, 1 + 8^)- F(f-8.„ f + 8^)1 Sie, 

and therefore F;(f — 8^, f + 8^) S f e. 

Moreover since 

for every e > we can find an n'^ such that n 2 n^ implies : 

|/,(f)-/(f)|^i*. 
Now 

|/«(x) -/(x) I £ \Mx) -/,(f) I + |/.(f) -/(O I + |/(f) -/(») I . 
If then we take 

\x-S\^8^ and nSn^s|jJ;f 

we have 

!/»(») -/(«) I ^ F,(f - 8^, f + 8.f) + le + Je S «. 

4. We now proceed to the proof of Theorem A. Suppose there is 
given an e > 0. We can then find by our Lemma, for every point { on the 
interval a S ^ £ d, a 8.^ and an n^ such that if x lies in the B^ vicinity of { 
and n Si n.( we have 

1 /«(«)-/(«; I Si*. 
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The 8,( vicinities will fonn an infinity of segments covering the interval 
a ^ X ^b. Hence by the Heine-Borel Theorem,* it is possible to select a 
finite number of those vicinities which will cover the interval. To these 
vicinities there will correspond a finite number of n,^ as determined by the 
Lemma. Of these n,{ we choose n„ the largest. This n, is evidently inde- 
pendent of the point {. Then for every )t 2 n, and a £ x £ 6 we shall have 

that is, the convergence is uniform. 

5. Denote by V^(x) and V(x) the total variations (in the sense of 
Jordan) of /„(a5) and /(«) from a to a;. Then we can state the following 
theorem :t 

Theorem B. J^ Lf„(x) =/(«) and LVn{x) = V(x) for every x on 

n n 

the interval a ^ x ^ b, and f{x) in corUinuout, then the convergence of 
/„(«) tof{x) is uniform for a ^ x ^ b. 

The proof of tMs theorem can be made on the same lines as the proof of 
Theorem A. 

CmcAOo, Tt.t., 

DaCEitBEB, 1907. 

* Annale$ de rSoole Normale Suptrienre, vol. 12, p. 51. Teblen and Lennes, Infinitettmal 
Analysis, p. 34. 

t Thl8 theorem wss saggested by Professor Osgood. 



